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Multi-particle cumulants of azimuthal angle correlations have been compelling tools to probe the
properties of the Quark-Gluon Plasma (QGP) created in the ultra-relativistic heavy-ion collisions
and the search for the QGP in small collision systems at RHIC and the LHC. However, only
very few of them are available and have been studied in theoretical calculations and experimental
measurements, while the rest are generally very interesting, but their direct implementation was
not feasible. In this paper, we present a generic recursive algorithm for multi-particle cumulants,
which enables the calculation of arbitrary order single and mixed harmonic multi-particle cumulants.
Among them, the new 10-, 12-, 14-, and 16-particle cumulants of a single harmonic, named cn{10},
cn{12}, cn{14}, and cn{16}, and the corresponding vn coefficients, will be discussed for the first
time. Our Monte Carlos studies show that these new multi-particle cumulants can be readily used
along with updates to the generic framework of multi-particle correlations to a very high order.
Finally, we propose a particular series of mixed harmonic multi-particle cumulants, which measures
the general correlations between any moments of different flow coefficients. The predictions of these
new observables are shown based on an initial state model MC-Glauber, a toy Monte Carlo model,
and the HIJING transport model for future comparisons between experimental data and theoretical
model calculations. The study of these new multi-particle cumulants in heavy-ion collisions will
significantly improve the understanding of the joint probability density function which involves
both different harmonics of flow and also the symmetry planes. This will pave the way for more
stringent constraints on the initial state and help to extract more precisely information on how the
created hot and dense matter evolves. Meanwhile the efforts applied to small systems could be very
helpful in the understanding of the origin of the observed collectivity at RHIC and the LHC.
PACS numbers: 25.75.Dw
I. INTRODUCTION
The properties of an extreme state of matter, the
quark-gluon plasma (QGP), are studied by colliding
heavy ions at BNL’s Relativistic Heavy Ion Collider
(RHIC) and at CERN’s Large Hadron Collider (LHC),
allowing us to recreate this matter in the laboratory. One
of the popular approaches in the exploration of QGP
properties is to study the anisotropic flow phenomena [1].
Anisotropic flow is quantified by flow coefficients vn along
with their corresponding flow symmetry planes Ψn in
the Fourier series decomposition of the azimuthal par-
ticle distribution [2]:
dN
dϕ
∝ 1 + 2 ∞∑
n=1 vn cos[n(ϕ − ψn)], (1)
where ϕ is the azimuthal angle of emitted particles. The
flow coefficient vn and its corresponding flow symme-
try plane Ψn defines the n-th order flow-vector as Vn =
vn e
inΨn . Alternatively, the expression of anisotropy can
be generally given by the joint probability density func-
tion in terms of the various harmonics of flow coefficients
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and their corresponding flow symmetry planes as:
P (vm, vn, ...,Ψm,Ψn, ...)= 1
Nevent
dNevent
dvm dvn ⋅ ⋅ ⋅ dΨm dΨn ⋅ ⋅ ⋅ (2)
The investigations on the joint p.d.f. started from the
study of multi-particle cumulants of single harmonic.
Based on the experimental measurements of these multi-
particle cumulants [3], the probability density function
(p.d.f.) of a single harmonic vn, called P (v2), can be con-
structed. The results are in a good agreement with the
one obtained via the Bayesian unfolding approach [4, 5].
Both of the results show that P (v2) is well described by
the Elliptic-Power function [6] instead of Bessel-Gaussian
function [7], which has been widely used before as the po-
tential description of the underlying p.d.f. of v2. Exten-
sive experimental measurements of the transverse mo-
mentum and pseudorapidity dependence of anisotropic
flow with charged and identified hadrons yield strong
constraints on the theoretical models. The successful de-
scription of experimental flow measurements by hydro-
dynamic calculations have led to a broad and in-depth
knowledge of the initial conditions and properties of the
created hot/dense QCD matter. It suggested that the
created QGP matter at ultra-relativistic heavy-ion colli-
sions behaves as nearly perfect fluid [8–14] with an ex-
tremely small specific shear viscosity η/s close to the
quantum limit of 1/(4pi) [15]. However, to further pin
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2down the uncertainty of the extracted η/s, especially its
temperature dependence during the system expansion,
more precise study on the initial conditions is highly nec-
essary, but can not be obtained from the measurement
of anisotropic flow coefficients alone.
While most of the studies mentioned above concentrate
on the fluctuations of single harmonic flow and the corre-
sponding symmetry planes, further study of correlations
between different order flow-vectors sheds new light on
the joint P (vm, vn, ...,Ψm,Ψn, ...) function, which even-
tually will help to understand both the initial condi-
tions and dynamic evolution of the QGP. The correla-
tion between different order symmetry planes was inves-
tigated with multi-particle correlations [16–20]. Mean-
while, symmetric cumulants, SC(m,n) [21], made it pos-
sible for the first time to quantify the correlations be-
tween the second-order moments of flow coefficients, vm
and vn, experimentally. It has been found that SC(m,n)
has a unique sensitivity to the initial conditions of the
QGP and can distinguish between various scenarios of
the temperature dependence of η/s in hydrodynamic and
transport models [21–25]. It is an open question at the
moment how the joint underlying p.d.f. including differ-
ent order symmetry planes and harmonics are described-
Nevertheless, the study of not only multi-particle cumu-
lants of a single harmonic but also the correlations be-
tween different order flow vectors will begin to answer
this question. More investigations concerning correla-
tions involving more than two different flow harmonics
or higher order moments of flow coefficients along with
their symmetry planes can further improve our under-
standing of the joint p.d.f. and thus lead to new insights
into the nature of the fluctuations of the created QGP in
heavy-ion collisions.
On the other hand, the study of flow phenomena in
small collision systems at RHIC and the LHC is par-
ticularly interesting. Among many important measure-
ments, the observation of anisotropic flow in high multi-
plicity events of small collision systems has attracted a lot
of attention while the underlying mechanism is still un-
der intense debate. The measurements of multi-particle
cumulants of a single harmonic as well as mixed har-
monics, e.g. symmetric and asymmetric cumulants, have
been found to be extremely useful in determining whether
the observed flow in small systems is attributed to final
state interactions, such as hydrodynamic expansion [26–
29], parton cascades [30, 31], hadronic rescattering [32],
or a rope and shoving mechanism [33], or it originates
from initial state effects related to gluon saturation [34–
41], or it can be explained by the combinations of both
initial and final state effects [42]. However, the critical
challenge for these measurements is to remove the non-
flow contamination which originates from the azimuthal
correlations not associated with the common flow sym-
metry planes but rather from jets and resonance decays,
etc. It is almost negligible for non-peripheral heavy-ion
collisions but has a large influence on flow measurements
in small collision systems. The development of the sub-
event method of multi-particle cumulants [43, 44] has
made progress towards this challenge, but is still far from
sufficient. Another natural choice is using multi-particle
cumulants of a higher order which further suppresses the
non-flow contamination in multi-particle correlations. At
the same time, they further increase the sensitivity to the
event-by-event fluctuating initial conditions which has
not been studied in detail yet. This is partly due to
the implementation of higher order cumulants not being
readily available.
In this paper, we will take a step further in this direc-
tion with a newly established generic algorithm for arbi-
trarily high order multi-particle cumulants. More specif-
ically, we, for the first time, propose and study the 10-,
12-, 14-, and 16-particle cumulants of a single harmonic,
called cn{10}, cn{12}, cn{14}, and cn{16}, and their cor-
responding vn coefficients, vn{10}, vn{12}, vn{14}, and
vn{16}. Furthermore, this generic algorithm is valid for
any combination of mixed harmonic multi-particle cumu-
lants. Based on this algorithm, a new series of flow ob-
servables are discussed using Monte Carlo model simula-
tions. Together with the study of higher order cumulants,
the study of higher order single and mixed harmonic cu-
mulants could contribute significantly to the efforts of
constraining the joint p.d.f.. The application to small
collision systems provides a new window to probe the
origins of collectivity in the near future.
This paper is divided into specific sections. Section II
introduces the MC-Glauber, toy Monte Carlo (toyMC) and
HIJING transport models used to investigate these high
order single and mixed harmonic cumulants. The new
proposed algorithm of general multi-particle cumulants
is introduced in section III. Examples of higher order cu-
mulants of a single harmonic and mixed harmonics are
discussed in sections IV and V. Finally, section VI pro-
vides a summary of the results.
II. THE MODEL AND THE SETUP OF THE
CALCULATIONS
In this section we introduce the Monte Carlo models
used to study the multi-particle cumulants. Firstly, a toy
Monte Carlo (toyMC) is used to validate our generic al-
gorithm and the general formulas (i.e. involving any set
of harmonics) of various multi-particle cumulants. While
the general joint p.d.f., P (vm, vn, ...,Ψm,Ψn, ...) can con-
tain any number of correlations, for the purpose of vali-
dation we use a simplified static p.d.f. of a few harmon-
ics such that the angular distribution of each particle,
f(ϕ), is identical. f(ϕ) is shown in Eq. (2) where it is
parametrized with only dominant contributions from the
second and third harmonics, v2 and v3, without contribu-
tions from their corresponding flow symmetry planes, Ψ2
and Ψ3. We set the input value of v2 = 0.10 and v3 = 0.05
for all events.
f(ϕ) = 1
2pi
[1 + 2 v2 cos(2ϕ) + 2 v3 cos(3ϕ)] (3)
3In addition, in order to probe the initial conditions in
heavy-ion collisions, the Monte Carlo Glauber model [45,
46] is used. This model is commonly used for calculations
of geometric quantities in the initial state of heavy-ion
collisions, such as the impact parameter, b, and the ini-
tial anisotropy coefficient, εn = √⟨rn sin(nφ)⟩2+⟨rn cos(nφ)⟩2⟨rn⟩ .
The version we use is based on the implementation of
the PHOBOS Glauber Monte Carlo [45, 46] and has been
used in several previous studies [16, 47]. With the sim-
ple assumption that vn = κn εn (for n = 2,3), where κn
is a scaling number that depends on the properties of
the produced matter, we can perform the calculations of
multi-particle cumulants using εn and then scale the re-
sults to obtain the multi-particle cumulants that involve
vn coefficients. Except for the normalized flow observ-
able, which we will introduce in the next section, the κ
parameter cancels out. Thus, we can give a direct pre-
diction for the future experimental measurements based
on initial state calculations using the MC-Glauber model.
For more careful physics discussions on the newly stud-
ied multi-particle mixed-harmonic cumulants, the Heavy
Ion Jet Interaction Generator (HIJING) model [48, 49]
is utilized. HIJING combines a QCD inspired model for
jet production with the Lund model for jet fragmenta-
tion to study jet and multi-particle production in high
energy collisions. Since HIJING does not generate gen-
uine multi-particle correlations, it has been widely used
as an ideal tool to investigate non-flow effects in the study
of anisotropic flow. In the following sections, we use the
toyMC, MC-Glauber, and HIJING models for detailed com-
parisons and discussions concerning the newly studied
cumulants.
III. GENERIC ALGORITHM FOR
MULTI-PARTICLE CUMULANTS OF
AZIMUTHAL CORRELATIONS
The cumulant method has been used widely in high
energy physics for the study of fluctuations of conserved
quantities (charge, baryon, and strangeness) fluctuations
to search for the QCD critical point [50], as well as in
anisotropic flow studies with multi-particle correlations
to eliminate non-flow contamination. It is a well estab-
lished technique for evaluating the correlation between
parameters of the p.d.f.. The implementation, however,
can vary dramatically depending on how one chooses the
fundamental observables. One proposal is to use particle
multiplicity as the observable [51] such that one deter-
mines the probability of observing a particle in a given
phi window. A more popular and classical approach,
however, is to utilise the azimuthal angle of the emitted
particles as the fundamental observable [52] such that it
reveals the probability that the particle is emitted in a
specific azimuthal direction.
The mathematical formalism for evaluating cumulants
is established in [53]. One can calculate a cumulant from
moments of a distribution using the following formula:
Cum({n}) = n∑
l=1(l−1)!(−1)l−1 ∑∑li=1{mi}={n}
l∏
i=1 Corr({mi}),
(4)
where ∑li=1{mi} = {n} denotes all possible ways to split{n} into l subsets and Corr({mi}) is the average value of
the multiplication of all elements of {mi}. Multiple gen-
eral algorithms for computing Corr({mi}) efficiently in a
single event were presented in [21]. A slightly simplified
algorithm (with fewer user inputs) is shown here written
in simple C++).
complex Correlator(int* harmonic, int n, int mult = 1, int skip = 0)
{
int har_sum = 0;
for (int i = 0; i<mult; ++i) har_sum += harmonic[n-1+i];
complex c(Q(har_sum, mult));
if (n == 1) return c;
c *= Correlator(harmonic, n-1);
if (n == 1+skip) return c;
complex c2 = 0;
int h_hold = harmonic[n-2];
for (int counter = 0; counter <= n-2-skip; ++counter)
{
harmonic[n-2] = harmonic[counter];
harmonic[counter] = h_hold;
c2 += Correlator(harmonic, n-1, mult+1, n-2-counter);
harmonic[counter] = harmonic[n-2];
4}
harmonic[n-2] = h_hold;
return c-mult*c2;
}
One must provide a list of harmonics (in harmonic)
with a length of n. The other parameters should be left
to the default values and are used internally during recur-
sion. Note that the code operates on complex numbers
and therefore requires some class for this (here it is the
class complex). In this code, the function for evaluating
the Q-vectors (Q(n, p)) is expected to be defined exter-
nally and should be ∑Mk=1wpkeinϕk , where M is the num-
ber of particles in the event, ϕk is the azimuthal angle
of the kth particle, n is the harmonic being considered,
wk is a weight given to that particle to correct for its
efficiency of detection, and p is a power of the weight de-
termined by the algorithm for calculating the correlation
(but can generally be as high as the order of the correla-
tor, n). It was noted in [21] that the number of terms in
this function follow the Bell sequence (1, 2, 5, 15, 52, . . . )
since it requires all possible partitions of the harmonics.
This is, in fact, what is required of the cumulant itself.
With some small modifications to the routine (basically
changes of constants), one can use the same method to
calculate the cumulant.
complex Cumulant(int* harmonic, int n, bool remove_zeros=true, int negsplit=-1,
int mult = 1, int skip = 0)
{
bool remove_term = false;
if (remove_zeros)
{
int har_sum = 0;
for (int i = 0; i<mult; ++i) har_sum += harmonic[n-1+i];
if (har_sum != 0) remove_term = true;
}
complex c = 0;
if (!remove_term)
{
c = Corr(harmonic+(n-1), mult);
if (n == 1) return c;
c *= negsplit*Cumulant(harmonic, n-1, remove_zeros, negsplit-1);
}
int h_hold = harmonic[n-2];
for (int counter = 0; counter <= n-2-skip; ++counter)
{
harmonic[n-2] = harmonic[counter];
harmonic[counter] = h_hold;
c += Cumulant(harmonic, n-1, remove_zeros, negsplit, mult+1, n-2-counter);
harmonic[counter] = harmonic[n-2];
}
harmonic[n-2] = h_hold;
return c;
}
Again one must input an array of harmonics (in
the harmonic variable) with a length of n. The
remove zeros variable is set to true by default and re-
moves correlations that have a residual dependence on
the angular orientation of the collision and must, there-
fore, be zero on average over many events. All other
inputs should be left as the default values (and are used
on the recursive steps). Also note that the function Corr
is assumed to be defined externally, but is the event av-
eraged correlation for a list of harmonics (i.e. the result
of the Correlator function averaged over many events).
The development of multi-particle cumulants of az-
imuthal angle correlations has been done previously in
Mathematica [54]. However, that code generates a static
formula that must be inserted into the computational
code. Furthermore, considering the growing number of
terms in higher order cumulants, it can be tedious or
even impossible to implement the code manually. In
contrast, it is rather straightforward with the generic al-
gorithm proposed above. The number of terms to be
added in the cumulant grows quickly though following
the Bell sequence where the number of terms for 6- and 8-
5particle cumulants are 203 and 4140, respectively. How-
ever, this ’full cumulant’ contains terms that have aver-
ages for single harmonics which must become zero due
to the isotropic distribution over many events. If one
excludes these terms, the number of remaining terms
(which could be non-zero depending on which harmonics
are chosen) reduces considerably. For a 6-particle cumu-
lant one gets 41 terms while for 8-particle cumulant there
are 715 terms. A further reduction of terms is achieved
when one calculates the cumulant with specific harmonics
and removes terms involving correlations where the sum
of harmonics is not 0 (since these must also be zero due to
the isotropic distribution of particles over many events).
This is accomplished by leaving the remove zeros pa-
rameter as true in the code above. Finally, to obtain an
optimised formula, when harmonics are repeated, one can
reduce the number of terms by grouping identical ones
together. It should be noted that the generic algorithm
for the cumulant above does not do this optimization,
though.
Based on the above generic algorithm, we can obtain
all possible 4-particle cumulants (without terms involving
only a single particle which vanish after averaging over
many events due to symmetry):
Cum(n1, n2, n3, n4) = ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3+n4ϕ4)⟩⟩c= ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3+n4ϕ4)⟩⟩− ⟨⟨ei (n1ϕ1+n2ϕ2)⟩⟩ ⟨⟨ei (n3ϕ3+n4ϕ4)⟩⟩− ⟨⟨ei (n1ϕ1+n3ϕ3)⟩⟩ ⟨⟨ei (n2ϕ2+n4ϕ4)⟩⟩− ⟨⟨ei (n1ϕ1+n4ϕ4)⟩⟩ ⟨⟨ei (n2ϕ2+n3ϕ3)⟩⟩ (5)
Equation (5) is general for any set of (n1, n2, n3, n4).
Once specific harmonics are chosen, one can further test
if n1 + n2 + n3 + n4 = 0, since not satisfying this would
again make the term vanish. Therefore, if n1 = n,n2 =
n,n3 = −n,n4 = −n, Eq. (5) will be modified to:
Cum(n,n,−n,−n) = ⟨⟨ein(ϕ1+ϕ2−ϕ3−ϕ4)⟩⟩
c= ⟨⟨ein(ϕ1+ϕ2−ϕ3−ϕ4)⟩⟩ (6)−2 ⟨⟨ein(ϕ1−ϕ2)⟩⟩2= ⟨v4n⟩ − 2 ⟨v2n⟩2 (7)
This is the standard four-particle cumulant of a single
harmonic which is usually called cn{4}. In the case of
n1 = k, n2 = l, n3 = −k, and n4 = −l where k ≠ l, Eq. (5)
can be written as:
Cum(k, l,−k,−l) = ⟨⟨ei (kϕ1+lϕ2−kϕ3−lϕ4)⟩⟩
c= ⟨⟨ei (kϕ1+lϕ2−kϕ3−lϕ4)⟩⟩− ⟨⟨ei k(ϕ1−ϕ2)⟩⟩ ⟨⟨ei l(ϕ1−ϕ2)⟩⟩= ⟨v2k v2l ⟩ − ⟨v2k⟩ ⟨v2l ⟩ (8)
This type of 4-particle cumulant of mixed harmonics is
also known as the symmetric cumulant, SC(k, l) [21].
IV. HIGHER ORDER CUMULANT OF SINGLE
HARMONIC
It is well known that anisotropic flow coefficients fluc-
tuate event-by-event even in a narrow centrality bin. Be-
sides the event-by-event Bayesian unfolding approach [5]
whose implementation is complex, multi-particle cumu-
lants are a widely used approach to quantify the fluctu-
ations of vn due to the fact that various cumulants have
unique sensitivity to the moments of the P (vn). The rel-
evant studies [3, 55, 56] have shown that P (vn) is better
described by the Elliptic-Power function [6, 57] relative
to the Bessel-Gaussian function [7], which was commonly
used in previous fluctuation studies. So far, cumulants
only up to 8-particles have been studied. higher order cu-
mulants could bring additional sensitivity to P (vn) but
have not been measured due to the difficulties both in the
construction of multi-particle cumulants as well as in the
implementations of the multi-particle correlations which
are the fundamental element of a multi-particle cumu-
lant. For the multi-particle cumulants involving a single
harmonic we have from the previous studies:
vn{2}2 = ⟨v2n⟩,
vn{4}4 = −(⟨v4n⟩ − 2⟨v2n⟩2),
vn{6}6 = 1
4
(⟨v6n⟩ − 9⟨v4n⟩⟨v2n⟩ + 12⟨v2n⟩3),
vn{8}8 = − 1
33
(⟨v8n⟩ − 16⟨v6n⟩⟨v2n⟩ − 18⟨v4n⟩2
+144⟨v4n⟩⟨v2n⟩2 − 144⟨v2n⟩4). (9)
All of these have been studied systematically both in
experimental measurements and theoretical calculations.
Now using the newly proposed generic algorithm of multi-
particle cumulants introduced in section III, we can eas-
ily construct any multi-particle cumulant that we are in-
terested in. For the higher order cumulants of a single
harmonic involving more than 8-particles we have, after
grouping repeated terms together, the following formu-
las1:
vn{10}10 = 1
456
( ⟨v10n ⟩ − 25 ⟨v8n⟩ ⟨v2n⟩ − 100 ⟨v6n⟩ ⟨v4n⟩
+400 ⟨v6n⟩ ⟨v2n⟩2 + 900 ⟨v4n⟩2 ⟨v2n⟩
−3600 ⟨v4n⟩ ⟨v2n⟩3 + 2880 ⟨v2n⟩5 ) (10)
1 These formulas were independently derived in a Master’s thesis
at the Niels Bohr Institute by Troels Krogsbøll.
6vn{12}12 = − 1
9460
( ⟨v12n ⟩ − 36 ⟨v10n ⟩ ⟨v2n⟩ − 225 ⟨v8n⟩ ⟨v4n⟩
+900 ⟨v8n⟩ ⟨v2n⟩2 − 200 ⟨v6n⟩2+7200 ⟨v6n⟩ ⟨v4n⟩ ⟨v2n⟩ − 14400 ⟨v6n⟩ ⟨v2n⟩3+2700 ⟨v4n⟩3 − 48600 ⟨v4n⟩2 ⟨v2n⟩2
+129600 ⟨v4n⟩ ⟨v2n⟩4 − 86400 ⟨v2n⟩6 ) (11)
vn{14}14 = 1
274800
( ⟨v14n ⟩ − 49 ⟨v12n ⟩ ⟨v2n⟩
−441 ⟨v10n ⟩ ⟨v4n⟩ + 1764 ⟨v10n ⟩ ⟨v2n⟩2−1225 ⟨v8n⟩ ⟨v6n⟩ + 22050 ⟨v8n⟩ ⟨v4n⟩ ⟨v2n⟩−44100 ⟨v8n⟩ ⟨v2n⟩3 + 19600 ⟨v6n⟩2 ⟨v2n⟩+44100 ⟨v6n⟩ ⟨v4n⟩2 − 529200 ⟨v6n⟩ ⟨v4n⟩ ⟨v2n⟩2+705600 ⟨v6n⟩ ⟨v2n⟩4 − 396900 ⟨v4n⟩3 ⟨v2n⟩+3175200 ⟨v4n⟩2 ⟨v2n⟩3 − 6350400 ⟨v4n⟩ ⟨v2n⟩5
+3628800 ⟨v2n⟩7 ) (12)
vn{16}16 = − 1
10643745
( ⟨v16n ⟩ − 64 ⟨v14n ⟩ ⟨v2n⟩
−784 ⟨v12n ⟩ ⟨v4n⟩ + 3136 ⟨v12n ⟩ ⟨v2n⟩2−3136 ⟨v10n ⟩ ⟨v6n⟩ + 56448 ⟨v10n ⟩ ⟨v4n⟩ ⟨v2n⟩−112896 ⟨v10n ⟩ ⟨v2n⟩3 − 2450 ⟨v8n⟩2+156800 ⟨v8n⟩ ⟨v6n⟩ ⟨v2n⟩ + 176400 ⟨v8n⟩ ⟨v4n⟩2−2116800 ⟨v8n⟩ ⟨v4n⟩ ⟨v2n⟩2+2822400 ⟨v8n⟩ ⟨v2n⟩4 + 313600 ⟨v6n⟩2 ⟨v4n⟩−1881600 ⟨v6n⟩2 ⟨v2n⟩2−8467200 ⟨v6n⟩ ⟨v4n⟩2 ⟨v2n⟩+45158400 ⟨v6n⟩ ⟨v4n⟩ ⟨v2n⟩3−45158400 ⟨v6n⟩ ⟨v2n⟩5 − 1587600 ⟨v4n⟩4+50803200 ⟨v4n⟩3 ⟨v2n⟩2−254016000 ⟨v4n⟩2 ⟨v2n⟩4
+406425600 ⟨v4n⟩ ⟨v2n⟩6 − 203212800 ⟨v2n⟩8 )
(13)
To validate the equations of multi-particle cumulants
from the generic algorithm we perform the toyMC study
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FIG. 1: (Color online) Multi-particle cumulants of v2 from
toy Monte Carlo simulations. The input value of v2 is 0.1.
All cumulants retrieve this value with high precision.
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FIG. 2: (Color online) Multi-particle cumulants of v2 from the
MC-Glauber model using a scaled value of the κ2 parameter.
The ALICE data presented here are from [58].
shown in Fig. 1. As introduced in Section II, the input
v2 and v3 are fixed to 0.1 and 0.05, respectively, with no
event-by-event flow fluctuations. Thus, one expects that
v2{2} = v2{4} = v2{6} = v2{8} = v2{10} = ... = v2{m} =
vinput2 . Figure 1 shows that this is indeed what is seen
as there is excellent agreement between the multi-particle
cumulants of v2 and the input v2 value of 0.1. This toyMC
study therefore validates the generic algorithm and its
resulting formulas of multi-particle cumulants of a single
harmonic.
In order to study event-by-event fluctuations of vn to
high orders, we employ MC-Glauber simulations. As-
suming that v2 = κ2 ⋅ ε2, we can firstly calculate ε2 for
every single event and then scale it to obtain v2 for
that event. Here κ2 is calculated from the ratio of AL-
ICE measurements of v2{2, ∣∆η∣ > 1.0} in Ref. [58] and
ε2{2} from MC-Glauber. The value of κ2 depends on
the collision centrality. In the end, we obtain the multi-
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FIG. 3: (Color online) Centrality dependence of multi-particle cumulants of v2 for all charged hadrons in Pb–Pb collisions at
5.02 TeV. Calculations from HIJING (full markers) are compared to the ALICE data (open markers) from [58].
particle cumulants of v2 from an MC-Glauber simula-
tion, which are shown in Fig. 2. It is known that 2-
and multi-particle cumulants have different sensitivities
to flow fluctuations, which are positive for a 2-particle cu-
mulant and negative for multi-particle cumulants. Here
for the first time, we study the effect of flow fluctua-
tions on very high order cumulants. It can be seen that
v2{2} > v2{4} = v2{6} = v2{8} = v2{10} = v2{12}. The
first 10- and 12-particle cumulants studies show that
these two higher order cumulants also have a negative
sensitivity to flow fluctuations, just as 4-, 6-, and 8-
particle cumulants have. It should be emphasised that
the difference between high order cumulants of v2 has al-
ready been found to be below 0.5%. Considering the cur-
rent precision of experimental measurements, especially
the systematical uncertainty which is usually not smaller
than 0.5%, it will be extremely challenging to probe the
possible tiny differences between even higher order cu-
mulants measured in heavy-ion experiments. However,
higher order cumulants with more than 8-particles will
be very useful for investigating collective flow in small
collision systems and constraining its origin, whether it
is due to pure final state effects, e.g. the hydrodynamic
response to the initial geometry and its fluctuations, or
from the effect of initial momentum correlations. The
evidence for flow in small systems is partially based on
v2 from multi-particle cumulants being compatible within
large statistical and systematical uncertainties. However,
some non-negligible non-flow contamination still remains,
and it could bias the data and theory comparisons, thus
resulting in an incorrect physics conclusion.
In order to avoid the effect of non-flow, the sub-event
method of multi-particle cumulants was developed and
proved to be effective [43, 44]. The application of 10-,
12-, and even 14-particle cumulants, on the other hand,
should enable a new possibility to further reduce the ef-
fect of non-flow contamination. This is tested here by
studying multi-particle cumulants using HIJING simu-
lations. Considering the fact that 10- and 12-particle
cumulants of v2 were never measured before, we as-
sume that v2{10} = v2{12} = v2{4} and then we have
c2{10} = 456 ⋅ v2{10}10 and c2{12} = −9460 ⋅ v2{12}12.
The ratios of calculations from HIJING simulations to
experimental data are presented in Fig. 3. In the case
8that the multi-particle cumulant c2{m} has an opposite
sign relative to data, the absolute value of the ratio is
plotted. As can be seen in Fig. 3, the non-flow contam-
ination becomes smaller when one uses higher order cu-
mulants of c2. Thus, one can expect that measurements
of high order cumulants of a single harmonic, vn, in the
coming high luminosity LHC Run 3 program will provide
more reliable data and theory comparisons, in addition
to the existing body of work and will eventually further
our understanding of the origin of collective flow in small
collision systems.
V. CORRELATIONS BETWEEN DIFFERENT
MOMENTS OF FLOW COEFFICIENT
The idea of using multi-particle mixed harmonic cumu-
lants to study the flow vector correlations or in general
probe the joint p.d.f. has existed for a while (e.g. in
Ref. [56]). However, the implementation of arbitrary or-
der multi-particle mixed harmonics cumulants was not
easily achieved before the development of the generic
algorithm introduced above. Among many mixed har-
monic cumulants which could involve not only vn, vm
but also Ψn and Ψm, there is a series of cumulants which
contain only correlations between different order flow co-
efficients without flow symmetry planes. In particular,
the symmetric cumulant, defined as SC(m,n) = ⟨v2mv2n⟩−⟨v2m⟩ ⟨v2n⟩, was proposed to quantify the correlations be-
tween the second moments of vn and vm [21]. In a nar-
row phase space where flow vector fluctuations are neg-
ligible, SC(m,n) is independent of the symmetry planes
Ψm and Ψn and is expected to be less sensitive to non-
flow correlations. This was confirmed by the SC(m,n)
calculation using HIJING model [48, 49], which does not
include anisotropic collectivity but e.g. azimuthal corre-
lations due to jet production. (Although it is also no-
ticed that for the small collision systems like proton-lead
and proton-proton collisions there is still significant non-
flow contamination, thus, the sub-event method using
4-particle cumulants has to be applied [44]). Therefore,
it is believed that in the heavy-ion collisions, SC(m,n)
is non-zero if there are non-trivial (anti-)correlations be-
tween different flow coefficients. It should, however, be
emphasized that SC(m,n) measures only the correlation
between v2n and v
2
m and one can gain more information
about correlations between different moments by looking
at higher order correlations.
Here we propose to investigate these higher order
multi-particle mixed harmonic cumulants further. We
would like to go beyond the completely symmetric cumu-
lants to include higher order mixed-harmonic cumulants
that are independent of the event plane. To quantify the
correlation between the 2kth flow coefficient of vm and the
2lth moment of vn, or more specifically the correlation be-
tween v2km and v
2l
n , we use the notation MHC(v2km , v2ln ).
This notation can be expanded to include more than two
harmonics, but one must note that to be independent of
the event plane there must not exist the set of harmon-
ics used should not be divisible into subsets of harmonics
that are equal in sum unless the subset contains a sin-
gle harmonic. i.e. for three harmonics, m, n, and p, it
should not be that m + n = p. See a discussion about
this in Appendix B. For correlations between the sec-
ond moments of two harmonics, SC(m,n) is identical to
MHC(v2m, v2n). Here we list several typical mixed har-
monic cumulants which involve 6- and 8-particles.
For 6-particle cumulants, one can quantify the corre-
lation between v42 and v
2
3 as:
MHC(v42 , v23) = ⟨⟨ei (2ϕ1+2ϕ2+3ϕ3−2ϕ4−2ϕ5−3ϕ6)⟩⟩c= ⟨v42 v23⟩ − 4 ⟨v22 v23⟩ ⟨v22⟩ − ⟨v42⟩ ⟨v23⟩+4 ⟨v22⟩2 ⟨v23⟩ (14)
Here the lower order (including both 2- and 4-particle)
correlations have been subtracted from the 6-particle cor-
relation. Therefore, if there is no correlations between v42
and v23 , then MHC(v42 , v23) is expected to be consistent
with zero. Similarly, one can obtain MHC(v22 , v43):
MHC(v22 , v43) = ⟨⟨ei (2ϕ1+3ϕ2+3ϕ3−2ϕ4−3ϕ5−3ϕ6)⟩⟩c= ⟨v22 v43⟩ − 4 ⟨v22 v23⟩ ⟨v23⟩ − ⟨v22⟩ ⟨v43⟩+4 ⟨v22⟩ ⟨v23⟩2 (15)
If we continue to 8-particle cumulants, one can study
the correlation between v62 and v
2
3 as:
MHC(v62 , v23) = ⟨⟨ei (2ϕ1+2ϕ2+2ϕ3+3ϕ4−2ϕ5−2ϕ6−2ϕ7−3ϕ8)⟩⟩c= ⟨v62 v23⟩ − 9 ⟨v42 v23⟩ ⟨v22⟩ − ⟨v62⟩ ⟨v23⟩−9 ⟨v42⟩ ⟨v22 v23⟩ − 36 ⟨v22⟩3 ⟨v23⟩+18 ⟨v22⟩ ⟨v23⟩ ⟨v42⟩ + 36 ⟨v22⟩2 ⟨v22 v23⟩
(16)
Analogously, one can get MHC(v22 , v63) by swapping v2
and v3 in the equation above.
MHC(v22 , v63) = ⟨⟨ei (2ϕ1+3ϕ2+3ϕ3+3ϕ4−2ϕ5−3ϕ6−3ϕ7−3ϕ8)⟩⟩c= ⟨v22 v63⟩ − 9 ⟨v22 v43⟩ ⟨v23⟩ − ⟨v63⟩ ⟨v22⟩−9 ⟨v43⟩ ⟨v22 v23⟩ − 36 ⟨v22⟩ ⟨v23⟩3+18 ⟨v22⟩ ⟨v23⟩ ⟨v43⟩ + 36 ⟨v23⟩2 ⟨v22 v23⟩
(17)
Finally, for an 8-particle cumulant with v42 and v
4
3 , one
gets:
MHC(v42 , v43) = ⟨⟨ei (2ϕ1+2ϕ2+3ϕ3+3ϕ4−2ϕ5−2ϕ6−3ϕ7−3ϕ8)⟩⟩c= ⟨v42 v43⟩ − 4 ⟨v42 v23⟩ ⟨v23⟩−4 ⟨v22 v43⟩ ⟨v22⟩ − ⟨v42⟩ ⟨v43⟩−8 ⟨v22 v23⟩2 − 24 ⟨v22⟩2 ⟨v23⟩2+4 ⟨v22⟩2 ⟨v43⟩ + 4 ⟨v42⟩ ⟨v23⟩2+32 ⟨v22⟩ ⟨v23⟩ ⟨v22 v23⟩ (18)
9One can also go beyond studying multi-particle cumu-
lants involving only two different harmonics by construct-
ing cumulants with three or more flow harmonics. For
instance, the correlation between v22 , v
2
3 and v
2
4 can be
quantified as:
MHC(v22 , v23 , v24) = ⟨⟨ei (2ϕ1+3ϕ2+4ϕ3−2ϕ4−3ϕ5−4ϕ6)⟩⟩c= ⟨v22 v23 v24⟩ − ⟨v22 v23⟩ ⟨v24⟩ − ⟨v22 v24⟩ ⟨v23⟩− ⟨v23 v24⟩ ⟨v22⟩ + 2 ⟨v22⟩ ⟨v23⟩ ⟨v24⟩ (19)
Similarly, for the correlation between v23 , v
2
4 and v
2
5 , one
gets:
MHC(v23 , v24 , v25) = ⟨⟨ei (3ϕ1+4ϕ2+5ϕ3−3ϕ4−4ϕ5−5ϕ6)⟩⟩c= ⟨v23 v24 v25⟩ − ⟨v23 v24⟩ ⟨v25⟩ − ⟨v23 v25⟩ ⟨v24⟩− ⟨v24 v25⟩ ⟨v23⟩ + 2 ⟨v23⟩ ⟨v24⟩ ⟨v25⟩ (20)
In addition, one can define the normalized MHC, de-
noted as nMHC, which can be expressed as:
nMHC(vkm, vln) = MHC(vkm, vln)⟨vkm⟩ ⟨vln⟩ (21)
Here nMHC(vkm, vln) eliminates the dependence on the
magnitudes of vm and vn, and therefore can be used for
quantitative comparison of genuine correlations between
experimental data and model calculations.
Similarly, for MHC invoing three harmonics, we can
have the corresponding nMHC as:
nMHC(vkm, vln, vqp) = MHC(vkm, vln, vqp)⟨vkm⟩ ⟨vln⟩ ⟨vqp⟩ (22)
The toyMC model is first used to validate the generic al-
gorithm and the corresponding multi-particle cumulants
for mixed harmonics. The results are shown in Fig. 4
where it is seen that all the results are consistent with
zero. This is expected due to the fact that both v2 and
v3 have fixed values for every single event, and there is
no correlation between them.
To study the effect of fluctuations we again employ the
MC-Glauber model. In order to provide reasonable pre-
dictions, we must scale ε2{2} and ε3{2} to v2{2, ∣∆η∣ > 1}
and v3{2, ∣∆η∣ > 1} from ALICE [58]. Then the calcula-
tions from the MC-Glauber model can be directly com-
pared to the measurements in the final state (i.e. the
correlations between the flow coefficients). The results
are shown in Fig. 5, where we see the characteristic neg-
ative, positive, and negative signs of 4-, 6-, and 8-particle
mixed harmonic cumulants, respectively. This is, in fact,
very similar to what has been observed in multi-particle
cumulants of a single harmonic where positive, negative,
positive, and negative signs of the 2-, 4-, 6-, and 8-particle
cumulants of v2 [3, 59] are observed. The different signs
of mixed-harmonic cumulants further suggest that one
should not conclude v2 and v3 are anti-correlated from
the measured negative value of SC(2,3). One should
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FIG. 4: (Color online) Multi-particle mixed-harmonic cumu-
lants (MHC) from toyMC simulations. All MHC return zero
as there was no correlation put in the toyMC simulation.
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FIG. 5: (Color online) Mixed-harmonic cumulants (MHC)
from the MC-Glauber and HIJING models. HIJING always pro-
duces no correlation while MC-Glauber produces correlations
with a specific sign pattern.
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instead, more narrowly, only conclude that v22 and v
2
3
are anti-correlated. Although it is possible that the
MC-Glauber model might not describe quantitatively the
real correlations between different moments of ε2 and ε3
in the initial stage of heavy-ion collisions, we expect that
the general trend of the centrality dependence as well as
the hierarchy of different orders of MHC should hold.
Direct data and theory comparisons can be made via
normalized mixed-harmonic cumulants, nMHC, because
the scaling parameters κ2 and κ3 should cancel out. Thus
the future experimental measurements of nMHC could
be used to directly constrain the initial state model in
both large and small systems. The prediction of nMHC
using the MC-Glauber model is shown in Fig. 6. It is
found that the correlations between higher moments of
v2 with v3 are generally stronger than the correlations
between low moments of v2 and higher moments of v3.
To be more specific, nMHC(ε62, ε23) has the largest anti-
correlations, which is followed by nMHC(ε42, ε23). It will
be beneficial to check with actual experimental measure-
ments whether the above ordering of the magnitudes of
nMHC persists.
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FIG. 6: (Color online) Centrality dependence of normal-
ized mixed-harmonic cumulants (nMHC) in Pb–Pb collisions
from the MC-Glauber model. Stronger correlations are seen
with increasing powers of ε2.
The correlations between flow harmonics, especially
the symmetric cumulants, have provided important in-
sight into collectivity in small collision systems. As a
multi-particle cumulant, MHC should suppress the non-
flow contamination by construction. This insensitivity
to non-flow has been tested in HIJING simulations where
all presented MHC measurements are consistent with
zero, as shown in Fig. 5. Therefore, future experimental
measurements of MHC in small collision systems (where
non-flow remains a significant contribution to flow mea-
surements) could be valuable for constraining theoretical
models, as currently both the Color Glass Condensate
(CGC) and hydrodynamic models find it challenging to
quantitatively or even qualitatively describe the experi-
mental measurements of multi-particle cumulants. One
recent example of this is the failure of hydrodynamic flow
to describe the negative c2{4} and SC(2,3) values in 13
TeV proton-proton collisions [60]. higher order mixed-
harmonic cumulants will bring better sensitivity to con-
strain the models while reducing the non-flow bias in ex-
perimental measurements.
VI. SUMMARY
In this paper, a generic algorithm for multi-particle
cumulants, for both single and mixed harmonics, has
been proposed and studied using Monte Carlo simula-
tions. The new 10-, 12-, 14-, and 16-particle cumulants
of a single harmonic, named cn{10}, cn{12}, cn{14}, and
cn{16}, as well as their corresponding vn coefficients,
have been presented, which show different sensitivities
to the event-by-event fluctuations compared to the 2-
particle cumulant. The higher order cumulants with
more than 8-particles possess less non-flow contamina-
tion as shown in the MC study utilizing a HIJING sim-
ulation. Therefore, future experimental measurements
of these higher order cumulants could be beneficial in
the understanding of the origins of flow in small collision
systems which is currently under intense debate. In ad-
dition, the proposed mixed-harmonic cumulants (MHC)
has been studied with both the HIJING transport model
and the MC-Glauber model with proper scaling. It is
found that negative, positive, and negative signs have
been observed for 4-, 6-, and 8-particle mixed-harmonic
cumulants. Compared to the standard individual vn
coefficients of lower order cumulants and the previous
symmetric cumulants, the high-order cumulants of a sin-
gle harmonic and the mixed-harmonic cumulants pro-
posed in this paper will provide new constraints for de-
tailed tests of theoretical calculations. Future experimen-
tal measurements of the predicted observables will shed
new light into the nature of initial state fluctuations and
the properties of the QGP fireball created in the ultra-
relativistic heavy-ion collisions.
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Appendix A: general formula for 6-particle cumulant
For the future reference, we provide here the complete
formula for a 6-particle cumulants without terms with
only a single harmonic (as they must average to zero
over many events).
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Cum(n1, n2, n3, n4, n5, n6) = ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3+n4ϕ4+n5ϕ5+n6ϕ6)⟩⟩
c= ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3+n4ϕ4+n5ϕ5+n6ϕ6)⟩⟩
+2 ∗ ⟨⟨ei (n1ϕ1+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n5ϕ5)⟩⟩ ⟨⟨ei (n2ϕ2+n3ϕ3)⟩⟩
+2 ∗ ⟨⟨ei (n1ϕ1+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n2ϕ2)⟩⟩ ⟨⟨ei (n5ϕ5+n3ϕ3)⟩⟩
+2 ∗ ⟨⟨ei (n1ϕ1+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n3ϕ3)⟩⟩ ⟨⟨ei (n2ϕ2+n5ϕ5)⟩⟩
+2 ∗ ⟨⟨ei (n2ϕ2+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n1ϕ1)⟩⟩ ⟨⟨ei (n5ϕ5+n3ϕ3)⟩⟩
+2 ∗ ⟨⟨ei (n2ϕ2+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n5ϕ5)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3)⟩⟩
+2 ∗ ⟨⟨ei (n2ϕ2+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n3ϕ3)⟩⟩ ⟨⟨ei (n1ϕ1+n5ϕ5)⟩⟩
+2 ∗ ⟨⟨ei (n3ϕ3+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n1ϕ1)⟩⟩ ⟨⟨ei (n2ϕ2+n5ϕ5)⟩⟩
+2 ∗ ⟨⟨ei (n3ϕ3+n6ϕ6)⟩⟩ ⟨⟨ei (n2ϕ2+n4ϕ4)⟩⟩ ⟨⟨ei (n1ϕ1+n5ϕ5)⟩⟩
+2 ∗ ⟨⟨ei (n3ϕ3+n6ϕ6)⟩⟩ ⟨⟨ei (n5ϕ5+n4ϕ4)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2)⟩⟩
+2 ∗ ⟨⟨ei (n4ϕ4+n6ϕ6)⟩⟩ ⟨⟨ei (n5ϕ5+n1ϕ1)⟩⟩ ⟨⟨ei (n2ϕ2+n3ϕ3)⟩⟩
+2 ∗ ⟨⟨ei (n4ϕ4+n6ϕ6)⟩⟩ ⟨⟨ei (n5ϕ5+n2ϕ2)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3)⟩⟩
+2 ∗ ⟨⟨ei (n4ϕ4+n6ϕ6)⟩⟩ ⟨⟨ein5ϕ5+n3ϕ3)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2)⟩⟩
+2 ∗ ⟨⟨ei (n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ein2ϕ2+n3ϕ3)⟩⟩ ⟨⟨ei (n1ϕ1+n4ϕ4)⟩⟩
+2 ∗ ⟨⟨ei (n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ei (n2ϕ2+n4ϕ4)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3)⟩⟩
+2 ∗ ⟨⟨ei (n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ei (n4ϕ4+n3ϕ3)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n6ϕ6)⟩⟩ ⟨⟨ei (n2ϕ2+n3ϕ3+n4ϕ4+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n2ϕ2+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3+n4ϕ4+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n3ϕ3+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n4ϕ4+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n4ϕ4+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3+n4ϕ4)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n2ϕ2+n6ϕ6)⟩⟩ ⟨⟨ei (n3ϕ3+n4ϕ4+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n3ϕ3+n6ϕ6)⟩⟩ ⟨⟨ei (n2ϕ2+n4ϕ4+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n4ϕ4+n6ϕ6)⟩⟩ ⟨⟨ei (n3ϕ3+n2ϕ2+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ei (n3ϕ3+n2ϕ2+n4ϕ4)⟩⟩
−1 ∗ ⟨⟨ei (n2ϕ2+n3ϕ3+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n4ϕ4+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n2ϕ2+n4ϕ4+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n2ϕ2+n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3+n4ϕ4)⟩⟩
−1 ∗ ⟨⟨ei (n3ϕ3+n4ϕ4+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n5ϕ5)⟩⟩
−1 ∗ ⟨⟨ei (n3ϕ3+n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n4ϕ4)⟩⟩
−1 ∗ ⟨⟨ei (n4ϕ4+n5ϕ5+n6ϕ6)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n2ϕ2)⟩⟩ ⟨⟨ei (n3ϕ3+n4ϕ4+n5ϕ5+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n3ϕ3)⟩⟩ ⟨⟨ei (n2ϕ2+n4ϕ4+n5ϕ5+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n4ϕ4)⟩⟩ ⟨⟨ei (n3ϕ3+n2ϕ2+n5ϕ5+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n1ϕ1+n5ϕ5)⟩⟩ ⟨⟨ei (n3ϕ3+n2ϕ2+n4ϕ4+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n2ϕ2+n3ϕ3)⟩⟩ ⟨⟨ei (n1ϕ1+n4ϕ4+n5ϕ5+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n2ϕ2+n4ϕ4)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3+n5ϕ5+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n2ϕ2+n5ϕ5)⟩⟩ ⟨⟨ei (n1ϕ1+n3ϕ3+n4ϕ4+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n3ϕ3+n4ϕ4)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n5ϕ5+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n3ϕ3+n5ϕ5)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n4ϕ4+n6ϕ6)⟩⟩
−1 ∗ ⟨⟨ei (n4ϕ4+n5ϕ5)⟩⟩ ⟨⟨ei (n1ϕ1+n2ϕ2+n3ϕ3+n6ϕ6)⟩⟩ (A1)
Appendix B: higher order symmetric cumulant
It should be pointed out that, in some cases,
multi-particle mixed-harmonic cumulants contain non-
vanishing terms with event-plane correlations. For ex-
13
ample,
⟨⟨ei(2ϕ1+3ϕ2+5ϕ3−2ϕ4−3ϕ5−5ϕ6)⟩⟩
c
=
⟨⟨ei(2ϕ1+3ϕ2+5ϕ3−2ϕ4−3ϕ5−5ϕ6)⟩⟩
− ⟨⟨ei(2ϕ1+3ϕ2−2ϕ3−3ϕ4)⟩⟩ ⟨⟨ei(5ϕ1−5ϕ2)⟩⟩
− ⟨⟨ei(2ϕ1+5ϕ2−2ϕ3−5ϕ4)⟩⟩ ⟨⟨ei(3ϕ1−3ϕ2)⟩⟩
− ⟨⟨ei(3ϕ1+5ϕ2−3ϕ3−5ϕ4)⟩⟩ ⟨⟨ei(2ϕ1−2ϕ2)⟩⟩
− ⟨⟨ei(2ϕ1+3ϕ2−5ϕ3)⟩⟩ ⟨⟨ei(2ϕ1+3ϕ2−5ϕ3)⟩⟩
+2 ⟨⟨ei(2ϕ1−2ϕ2)⟩⟩ ⟨⟨ei(3ϕ1−3ϕ2)⟩⟩ ⟨⟨ei(5ϕ1−5ϕ2)⟩⟩ (B1)
It is clear that the non-vanishing term⟨⟨e(2ϕ1+3ϕ2−5ϕ3)⟩⟩ has the event-plane correlation
between Ψ2, Ψ3 and Ψ5.
It is noticed that in Ref. [61], the authors proposed a
similar idea as MHC to study the correlations between
multiple flow coefficients. However, the proposed gener-
ation of higher order cumulants for 6-particles is based
on Kubo’s three observable cumulants, which treats v2n
as a fundamental observable. Considering the existing
flow technique is still based on the azimuthal correla-
tion, it is not obvious how to obtain v2n event-by-event
in experimental measurements. In addition, the lower-
order azimuthal correlations might not be removed com-
pletely (e.g., in case of n1 = 2, n2 = 3, n3 = 5 discussed
above), the remaining non-flow effects could be more sig-
nificant than the multi-particle cumulants defined using
azimuthal angle as the fundamental observable. Last but
not least, the proposal of ‘shift of paradigm’ using v2n
as an observable will lead to the fact that one will re-
construct a simple four-particle cumulant of single har-
monic with: cn{4} = ⟨v4n⟩ − ⟨v2n⟩2, instead of standard
cn{4} = ⟨v4n⟩−2 ⟨v2n⟩2. The latter clearly suppresses non-
flow better, which has been studied for two decades [52].
In general, it is the same case for any 6-particle cumulant⟨⟨cos(kϕ1 + lϕ2 +mϕ3 − kϕ4 − lϕ5 −mϕ6)⟩⟩c when k+ l−
m = 0.
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